
1. Introduction 

The stress analysis of elastic media reinforced with either elastic or rigid 
inclusions is of interest to the study of composite materials. The boundary value 
problems pertaining to these inclusion problems also occupy a prominent posi- 
tion in the mathematical theory of three-dimensional elastostatics. Comprehen- 
sive accounts of inclusion problems in classical elasticity are given by Mura [1], 
Willis [2] and Walpole [3]. Flat disc shaped inclusions are a particular limiting 
case of the general class of three-dimensional ellipsoidal or spheroidal inclusions. 
A number of investigators have examined the disc inclusion problem related to 
an elastic medium to study effects such as transverse elastic isotropy of the 
medium, annular and elliptical configuration of the inclusion, flexural behaviour 
of the inclusion, influence of the externally applied loads, traction free bound- 
aries, bi-material regions, and delaminations at the inclusion-elastic medium 
interface. A comprehensive account of the disc inclusion problem in classical 
elasticity will be given in a forthcoming article by Selvadurai [4]. 

An examination of the literature on inclusion problems indicates that the 
category of problems which investigate the interaction between cracks and 
inclusions located in elastic media has received only limited attention. The paper 
by Keer 
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Figure I 
Geometry of the penny- 
shaped inclusion and the ex- 
ternal circular crack. 
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imperfect contact constraint was first proposed by Mindlin [7] in connection 
with the translation of a plane "frictionless" punch in contact with an elastic 
halfspace. The inclusion problem is examined in 

2. Basic equations 

For the analysis of the asymmetric problem related to the loading of the 
external circular crack by a central rigid circular disc inclusion located in its 
plane we employ the displacement functions q~ (r, 0, z) and ~k (r, 0, z) proposed by 
Muki [8]. These functions 1 q~ 



676 A.P.S. Selvadurai ZAMP 
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where G and v are the linear elastic shear modulus  and Poisson's ratio respec- 
tively. 

3. The external circular crack-disc inclusion interaction 

We consider the problem of a penny-shaped rigid inclusion of radius a 
which is embedded in bonded contact  with an isotropic elastic medium. The 
plane containing the disc inclusion is weakened by an external circular crack 
of radius b (b > a) (Fig. 1). The disc inclusion is subjected to a central in-plane 
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force T which acts in the + vex direction. The in-plane displacement of the 
rigid circular inclusion is denoted  by 6. F r o m  an examinat ion of the problem, 
it is evident that  the lateral translation induces a state symmetry  abou t  the 
plane z = 0. Therefore, we may  restrict the analysis to the examinat ion of a 
single halfspace region occupying z > 0. The relevant displacement and traction 
bounda ry  condit ions associated with the inclusion problem are as follows: 

u~(r,O,O)=c~cosO; O<_r<_a (12) 

Uo(r,O,O)=-SsinO; O<_r<_a (13) 

u~(r, 0, 0) = 0; 0 < r < b (14) 

and 

% (r, 0, 0) sin 0 + % (r, 0, 0) cos 0 = 0; 0 < r < oo (15) 

o-r~ (r, 0, 0) cos 0 + o-0~ (r, 0, 0) sin 0 = 0; a < r < oo (16) 

~z(r ,  0, 0) = 0; b < r < oo (17) 

The specification of bounda ry  condit ion (15) in the entire region z = 0; 
0 < r < oo characterizes the partial Mindl in- type constraint  within the disc 
inclusion region. 

For  the integral equat ion formulat ion of the mixed bounda ry  value problem 
posed by (12)-(17), we seek solutions of (1) and (2) which can be obta ined by 
a Hankel - t ransform development  of the same. Also, the displacement and 
stress fields derived from cp (r, 0, z) and ~ (r, 0, z) should reduce to zero as 
(r 2 + za) 1/2 --, oo. Fol lowing Muki  [8] and Sneddon [10], the relevant solutions 
take the forms 

(p(r,O,z)=Ii ~{A(~)+zB(~)}e-~J~(~r)d~lcosO (18) 

and 

where A ({), B (4) and A* ({) are arbi trary functions which are to be determined 
by satisfying the bounda ry  condit ions (12)-(17) on the plane z = 0. Using the 
integral representations for q~ (r, 0, z) and ~ (r, 0, z) given by (18) and (19) in the 
expressions (3)-(11) for the displacements and stresses, it can be shown that the 
mixed bounda ry  condit ions (12)-(17) yield the following system of integral 
equations.  

H o [~_ {3 { A (4) - (1 + 4 v) B ({)}; r] = 4 G 6; 

H~ [r {-- ~A(~) - 2(1 - 2v) B(~)}; r] = 0; 

Uo [~_~ { -  ~ A (~) + 2 v B (~)}; r] = 0; 

H~ [~2 {~A(~) + (1 - 2v) B(ff)}; r] = 0; 

0 < r < a (20) 

0 _< r _< a (21) 

a _< r _< oo (22) 

b _< r _< oo (23) 
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where H , [ f ( ~ ) ;  r] is the Hankel  t ransform of order  n which is defined by 

H,  [ f  (4); r] = S ~ f (4) J ,  (4 r) d4.  (24) 
o 

We now make  the assumption that  as b ~ 0% we should recover, from the 
solution developed, the appropria te  results for the problem of the lateral transla- 
tion of a penny-shaped rigid inclusion which is embedded  in an uncracked elastic 
solid. It is convenient  to introduce functions C (4) and D (4) such that 

A (4) = 1 {C (4) + 2 D (4)} (25) 

1 
B (4) = 42 (1 - 2 v) {C (4) + D (4)}. (26) 

The integral Eqs. (20)-(23) can now be writ ten as 

H1 [4-1  C 

0 < r < a (27) 

0 < r < a (28) 

a < r < oe (29) 

b < r < oe. (30) 

(31) 

(32) 

(33) 

(34) 

(35) 



Vol. 38, 1987 In-plane loading of a cracked elastic solid by a disc inclusion 679 

where f2 (oo) = 0. With the aid of (34) and (35) we find that 

2 (1 - v) D (4) = i f l  (t) cos (r t) dt - S f2 (t) sin (r t) dt .  (36) 
0 b 

From Eq. (30) we find that 

0 
D(3) Jo (4 r )d4  0; b < r < G o .  (37) 

Or o 

By substituting the value of D (4) from (36) into (37) we obtain an integral 
equat ion of the Abel type for f2(t); i.e., 

~ f2(t)dt i f l ( 4 )d4  
Or r ( t  2 _ _  r2)1/2 -- r o (r 5 Z ~ / 2 "  b < r < Go . (38) 

The solution of (38) gives 

f2(t)=2t~__ rdr i f , ( r  , 
t (r 2 -- t2) 1/2 o (r 2 -- 42) 3/2, b < t < oo. (39) 

Changing the order of the integrations we find that 

fz (t) = __2 t i fa (4) d ~ .  b < t.  (40) 
o ( t  2 - 

Also using (35) and (36), the integral Eq. (27) can be reduced to the following Abel 
type integral equat ion for f l  (t); 

fa(t)  dt _ 8 G b ( 1 - v ) ( l - 2 v )  ( l - 2 v )  2 ~ f2(4) d~ 
0 J ( r2  - -  t2) 1/2 (7 -- 8 v) (7 8 v) 7z Jb (42 -- r2) 1/2 ; 

Again, the solution of (41) can be written in the form 

0 < r <__ a.  (41) 

ft(t)=16Gb(1-v)(1-2v)(7-8v)z ~2(1-2v)2--Sv-~i~f2(~)d4"(42_t2 ) ,  0 < t < a . _  _ (42) 

By combining (40) and (42) we obtain the following integral equat ion for f l  (t); 

�9 (t2_s2) tln -sln  sf,(s 0 < t < a .  

Int roducing the substitutions 

(43) 

t = art; s=asx ;  f l ( a t l ) = 1 6 G b ( 1 -  v ) ( 1 -  2V) Fl(tt  ) (44) 
(7 - 8v)rc 
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the integral Eq. (43) can be 
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4. Load-displacement relationship for the penny-shaped rigid inclusion 

The load-displacement relationship for the in-plane translation of the disc 
inclusion located at the weakened plane can be obtained by evaluating the 
integral 

2r~ a 

T = -- 2 ~ j" {arz (r, 0, 0) cos 0 -- aOz (r, 0, 0) sin 0} r dr dO. (50) 
0 0 

In terms C (r and O (~), (50) can be expressed in the form 

T -  . ~ { C ( ~ ) + 2 ( 1 - v ) D ( ~ ) } J o ( ~ r  )d~ rdr .  (51) 
(1 
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where f2 (~)  = 0 and the prime denotes derivative of the function with respect 
to its argument. The integral Eq. (40) can be written in the form 

1 ; C 2 t 2 C 4 t~ C 6 t 6 
f2 (u lb)=  2c Sf l (a t l )  1 + - - + - - + - -  

ul o 
cst  } 

+ u~- + 0(cl~ dtl; ui > 1. (56) 

Using the third equation of (44) and the expression for F 1 (tl) given by (48) in (56) 
we obtain the following result for f2 (ui b): 

32G6(1 - v)(l - 2v) 
f2 (ui b) = (7 - 8v)~z2ui 

�9 __ 2 C 2 (  + C 3 (2 + -- 2C4(  + 4 (  2 d- 

-~ -~- -~-  8 (  2 --~ --[- 0(C 6 . 

The stress intensity factor K i for the flaw opening modes is defined by 

(57) 

K i = Lim [2(b -- r)] i/z trzz(r, O, 0). (58) 

Using (54) and (55) in (58) we can evaluate the stress intensity factor in the 
following form 

K1 _ fz(b)cosO (59) 
2(1 - v)w/b" 

From (57) and (59) we obtain the following series expansion, in terms of c, for 
the stress intensity factor at the boundary of the external circular crack: 

16G6(1-2v)c~ {4 ~} { l l  } K1 = ( 7 ~ 8 ~ 2 - ~  _ 2 c 2 ( + c  3 ( 2 +  _ 2 c 4 (  ]~ + 4(2 

+ cS {(2 (~8 + 8 (2) + ~} + 0(c6)1. (60) 

6. Limiting cases and numerical results 

In this section we shall present a numerical evaluation of the expressions (53) 
and (60) respectively for the in-plane translational stiffness of the inclusion at the 
cracked plane and the stress intensity factor at the boundary of the external 
circular crack. Before performing any numerical evaluations it is useful to record 
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here the accuracy of the series estimates in predicting exact solution to certain 
limiting cases. 

In the limiting case when the radius of the externally cracked region be- 
comes infinite (i. e., c ~ 0), the result (53) reduces to 

6 4 G ~ a ( l  - v) 
T = (61) 

(7 - 8 v) 

This expression is in agreement with the results obtained, independently by 
Keer [11], Kassir and Sih [12] and Selvadurai [13] for the in-plane translational 
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Figure 2 
Translational loading of a penny- 
shaped rigid inclusion located at 
a cracked plane: limiting cases. 
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32G6a 
T - - -  (63) 

3 

Since in the limit of material incompressibility the in-plane translational stiff- 
ness of the inclusion embedded in an intact solid coincides with equivalent 

Figure 3 
Non-dimensional in-plane translational stiff- 
ness of a penny-shaped inclusion located at 
a cracked plane. 
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translational stiffness 7' given by 

T ( 7  - 8 v) 

6 4 G 6 a ( 1  - v) 
= T(c, v) (64) 

(1 - 
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illustrates the manner in which the normalized stress intensity factor/(1 given 
by 

4Kl(1-v)b3/2~2{ ( 7 - 8 v ) }  = Ka(c,v ) 

(1 - 2 v) cos 0 64 G 6 a (1 - v) 
(66) 

is influenced by the extent of the cracked region and Poisson's ratio of the elastic 
material. In both cases the results for 7" and K 1 are presented for v e (0, 0.5) and 
c ~ (0, 0.9). These results indicate that the solutions derived from the series 
expansion schemes compare very favourably with known exact solutions for 
limiting cases. 

7. Conclusions 

The paper develops certain analytical results for the problem of the interac- 
tion between an external circular crack and a penny-shaped rigid inclusion 
located at the plane of the crack and subjected to an in-plane central load. 
The mixed boundary value problem associated 



Vol. 38, 1987 In-plane loading of a cracked elastic solid by a disc inclusion 687 

Appendix A 

The general expressions for m i (t) (i = 0, 1, 2, . . . ,  5) take the following forms: 

mo (tl) = 1 

ml (tl) = - 2 

1/12 (/-1) -m- 4 ~2 

m3(tl) = - - 4 ~  sm2(s)ds+x!s(t2+s2)mo(s)d 

m4(tl)=-4~2Ii s 2 s 1 (t 1 + s2)ml (s) ds + i srn3 (s) d 
o 

ms(q)  = - 4 ~  s(t~+s4+s2t~)ds+!sm4(s)ds 

1 (~-2 _~ S 2) m2 (S) ds + 5 ! s  

Explicit results for mi(q)(i = 3, 4, 5) take the following forms: 

m 3(tl) = - 4~ {2~2 + ~(~ + t2)} 

m4(tl) = 4~ 2 {�89 2 "-I'- 1_)2 -t- 4 (~2 + 2 ~'2)} 

+t~+l )+4~z(~+2{z )+2~z( t2+~)  1 
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