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Vlll~ 

T CONSTRAINT 
/SURFACE 

/ / / I / ~  F 

o ~ A(~)Ja(~r ) d~ =~r ,  

o ~ ~A(~)J , (~r )d~ = 0 ,  

fo ~ A ( ~ ) J l ( ~ r ) d ~ = O  , 

O < r  <a ,  (8) 

a < r  < b ,  (9) 

b < r < ~ .  (10) 
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3. So lu t ion  o f  the tr iple in tegral  equat ions 

Let us assume that 

fo ~ = ~fl(r), 0 < r < a ,  (11) ~A(r dr [f2(r), b < r < ~ .  

Making use of  the Hankel invers1 0 0 1 548triple 



Vol. 40, 1989 The Reissner-Sagoci problem 765 

where 

= fa _fl(t)dt 
Fl(w) Jw(t  2 - w 2 )  :/2' O < w < a ,  (21) 

fb w t2f2(t) dt 
F2(w) = (w 2_  t2)m, b < w < oo. (22) 

Regarding the right hand side of  this equation as a known function of  r, equation (20) 
is of an Abel type form. Hence, its solution can be written as 

Lv z _ w2 log v-2F2(v ) dr, 0 < w < a, (23) 

In obtaining equation (23), we have made use of the following integrals: 

d ~ r3dr 
dww Jo ( w 2 -  r2) '/2 2w2' (24) 

d--s [ (w2- rZ) (v2- r2) ]  ~/2- 2 [_v2-w 2 log ~ . (25) 

Using equation (16), we write equation (14) in the form 

tzf2(t) dt w-2 dw 1 " 
ax(r,t) [( W2 -- ~ --  /2)] 1/2 + ~ f l  (t) at 

fo t w 2 dw 
• [(r 2 _ w2)(t 2 _ w2)] 1/2 = O, b < r < ~ .  (26) 

Making use of the result (18), changing the order of  integration in second integral and 
using the equations (21) and (22), we get 

~~ dW l foaW2Fl(w)dw 
(wZ_r2)l /2 - r2 (r2_w2)1/2, b < r  < ~ .  (27) 

Solving the above Abel type integral equation gives 

2 d f ?  dr ("V2Fl(v)dv 
w-2F2(w) =-'~-d-ww r(rZ--w2)l/2 3o (rZ_v2)l/2, b < w < oG (28) 

Making use of  the integral 

d ( '~  dr 1 Iw - vl 1 
dw J w  r[(r 2 _ w2)(r 2 _ v2)] 1/2 - 2vw-----5 log ~ - w ( w 2 -  v2), (29) 

this in turn gives 

w-lF2(w) 7z I vf l (v) log ~__~v ( W2~Uz ) 

Assuming 

a 
vEt(v) = 2aaXl(v), v-lF2(v) = 2aaX2(v), e = ~, (31) 

and changing the variable 

v=bV l ,  w = a w l ,  
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the integral equation (23) can be written as 

~1 (awl) = wl -- - 
7~ 

2WlC 1 
log 

1 - eWl 

v_____L 

In a similar way, equation (30) can be written as 

](2(bwl) - ! f0 ~11 log l - c v l  1 W l 2vlc 2 

- n 1 + ~ ,  w~ - c:v~ 

For small values of e ,~ 1, we find that 

1 - cw~2 
2wlc 1 vl 4CWl 8W31 c3 

v~- w ~ :  ~1 log 1 + ~Wl = %,-}- + 3 ~  + -  

/31 
16C7W 7 20C9W 9 

-[- - -  -[- 9~110 "AI- O(c 1 1 ) ' 7 v ~  

and 

Xz(bVl) du1,  0 < W I < 1, 

(32) 

Xx(aVl)dVl, 1 < wl< oo. (33) 

15eSw~ 
5Vl ~ 

(34) 

I -- cv----L1 

c log wl 
w, 1 +~-( 

Let us assume that 

2Vl c2 4cZvl 8C4Vl 3 12C6V~ 16C8V 7 
- -  + 0(c1~ (35) 

w ~ -  e2v, ~ w~ 3w 4 5w~ 7Wl ~ 

P 
Xl(aw1) = E cimi(w1), (36) 

i=0 
P 

Xz(bWl) = ~ cini(wl). (37) 
i=O 

Substituting the value of X~(awl) and X2(bWl) from equations (36) and (37) into 
equations (32) and (33) respectively, making use of the equations (34) and (35) and on 
comparing the like terms of c, we find that X~(awl) and X2(bwl) can be expressed as 

X,(awl)  16w~ 3 
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Therefore, knowing F1 (w) and F2(w), we can find f i  (t) and f2 (t) from equations (40) and 
(41) and finally A(~) from equation (12). 

4. Expression for torque 

We find from equation (7) that 

f; ar O) = G O_ A(OJo(r dr 0 < r < a, (42) 
dr 

Substituting the value of A(r from equation (12) into equation (42) and using the 
relationship 

Jo(r162162 = , r < t, (43) 

[0, t < r .  
we get 

a4,z(r, O) = - Gf l (r). (44) 

Also on using equation (40), we find that 

O) = 2 G d .f a wF1 (w) dw ~TCz (r, n dr (-~--_ r-~) 1/--2, 0 < r < a. (45) 

The torque-twist relationship is 

T = - 2 n  r2acz(r, O) dr. (46) 

Substituting the value of ag, z(r, O) from equation (45) into equation (46), integrating 
by parts and changing the order of integrations, we get 

I0 T = 8G r2f1(r) dr. (47) 

With the help of relationship (31), it follows that 

T = 16~Ga 3 WlXl(aWl) dwl, (48) 

Substituting the value X~(awl) from equation (38) into (48) gives 

T=16ctGa3[ 16c3 64cs+ 256 c6 1 
�9 3 1 +ff~-n2+7-~-5~2 81rt 4 + O(c 7) . (49) 3 2 5 6  reives 
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In this paper, the Reissner-Sagoci problem for a half-space with a surface constraint is considered. 
The problem is reduced to the triple integral equation by use of integral transforms. The triple integral 
equations are solved for small values of parameters characterizing the geometry of the problem. An 
expression for the torque required to rotate the disc through a fixed angle is obtained. 
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